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ON THE LOCALIZATION THEOREM FOR F-PURE RINGS
KAZUMA SHIMOMOTO AND WENLIANG ZHANG
Abstract. In this article, we solve Grothendieck’s localization problem for a certain class of
rings that arises from tight closure theory. It is quite essential to use the relative version of the
Frobenius map (Radu-Andre` morphism) to investigate the fibers of a flat ring homomorphism
of characteristic p > 0. We also give some interesting geometric applications of the localization
problem.
1. Introduction
Let R be a discrete valuation ring and let ϕ : R→ S be a flat ring homomorphism. Then one
of the interesting questions in this situation is to study how the generic fiber of ϕ degenerates
to the closed fiber. In general, even if one starts with a smooth generic fiber, the closed fiber
can absorb bad singularities. The localization problem, roughly speaking, describes the effect
of the closed fiber to the general fibers under a flat local map of local rings.
For a homomorphism ϕ : R → S of noetherian rings, we denote by k(p) the residue class
field for p ∈ SpecR. Then the fiber ring of the map ϕ at p is defined to be S⊗R k(p). Let R be
a local ring with its completion R̂. Then the formal fiber of R at p ∈ SpecR is the fiber of the
completion map R→ R̂ at p. With a bit ambiguity, the formal fiber rings of R (not necessarily
a local ring) at p are the set of all fiber rings of the completion map Rp → R̂p, where R̂p is the
p-adic completion of Rp. Let P be some ring theoretic property defined for commutative rings.
Then Grothendieck [13, 7.5.4] posed the following question:
Question 1 (Grothendieck’s Localization Problem). Let ϕ : R → S be a flat local homomor-
phism of noetherian rings such that the closed fiber ring of ϕ and all the formal fiber rings of
R with respect to all p ∈ SpecR satisfy P. Then does every fiber ring of ϕ satisfy P?
The localization problem has been solved in many interesting cases and the most comprehen-
sive work was made by Avramov and Foxby ([2], [3] for more results), where they established
the localization problem for many classes of rings by introducing various kinds of numerical
invariants, known as defects. Especially, their techniques allow them to solve the problem in
the case of Cohen-Macaulay, Gorenstein, and complete intersection rings.
The main focus in this paper is on the class of rings that arise from tight closure theory. We
give a quick review for tight closure theory in the next section. For details of the story, we refer
the reader to the monograph [15]. Let us denote by P a property of noetherian rings that is
related with tight closure theory, such as being F -pure, F -injective, and so on. Let R be an
algebra over a field K. Then we say that R has geometrically P if R⊗K L has P for every finite
field extension L of K.
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Question 2. Let ϕ : R→ S be a flat local map of F -finite rings. Assume that the closed fiber
ring of ϕ has (geometrically) P. Then does every fiber ring of ϕ have also (geometrically) P?
In Question 2, no conditions on formal fibers of R are imposed, since every F -finite ring is
excellent (cf. [18, 2.5]) and all formal fibers of an excellent ring are geometrically regular.
In recent years, some strong evidence has been found that shows that tight closure theory
tends to behave naturally for F -finite rings (or more generally, excellent rings). For this reason,
we limit ourselves to F -finite rings.
In this paper, we solve Grothendieck’s localization problem for “P=maximal Cohen-Macaulay”
(Proposition 3.7) and “P=geometrically F -pure” (Theorem 3.10) and establish some geometric
consequences of our results on maximal Cohen-Macaulayness (Proposition 4.2) and geometric
F -purity (Theorem 4.4).
2. Preliminaries and notations
Throughout, all rings are commutative noetherian of characteristic p > 0 unless otherwise
said so. We summarize some definitions and notations used in tight closure theory. Let Ro be
the complement of all minimal primes of R. The tight closure I∗ of an ideal I of R is the set
of all elements z ∈ R such that czp
e
∈ I [p
e] for e≫ 0 and some c ∈ Ro, where I [p
e] is the ideal
generated by the q = pe-th powers of an ideal I. I is called tightly closed if I∗ = I. Assume R
is a domain. Define R+ to be the integral closure of R in an algebraic closure of the field of
fractions of R. Then K. Smith [21] proves that I∗ = IR+ ∩R for every parameter ideal I of an
excellent local domain R. However, in a recent breakthrough, [6], it is proven that this equality
does not hold for all ideals.
Next, assume that R is reduced. Let R1/q be the ring obtained by adjoining all q-th roots of
elements of R. Denote by R∞ the directed union of the tower:
R →֒ R1/p →֒ · · · →֒ R1/p
e
→֒ · · · .
The Frobenius closure of an ideal I of R is defined to be IF := IR∞ ∩ R. R is called F -pure
(resp. F -injective) if every ideal I of R (resp. for all parameter ideals I of R; an ideal generated
by ht(I) number of generators) satisfies IF = I.
Recall that a noetherian ring R is F -finite if the Frobenius morphism R → R, r 7→ rp is
finite. By Kunz [18, 2.5], every F -finite ring is excellent. Therefore, the formal fiber rings of
an F -finite ring are geometrically regular.
Let R be a reduced ring and let q = pe. Note that there is an isomorphism R1/q ≃ eR via the
Frobenius map, where eR carries its usual right R-module structure, while its left R-module is
via the e-fold iterates of the Frobenius map.
3. Localization problem for F-pure rings
In this section, we solve a “slightly generalized” Grothendieck’s localization problem for
“P=maximal Cohen-Macaulay” (Proposition 3.7) and then establish Theorem 3.10, one of our
main theorems in this paper.
To establish these results mentioned above, let us start with the definition of Radu-Andre`
morphism and state some known results related to it. In particular, it can be used to prove cer-
tain properties along the fibers of flat maps of noetherian rings, where cohomological arguments
do not work.
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Definition 3.1. Let ϕ : R→ S be a homomorphism of noetherian rings of characteristic p > 0.
Then the Radu-Andre` morphism weS/R : S ⊗R
eR→ eS is the ring homomorphism defined by
weS/R(s⊗ r) = s
peϕ(r).
The commutative ring W eS/R := S ⊗R
eR is called the e-th Radu-Andre` ring. When e = 1, we
simply write wS/R.
In general, the Radu-Andre` ring is not noetherian (see [8] for other results concerning this
ring). As we are mostly concerned with F -finite rings, we may harmlessly assume that it is
noetherian, and the map weS/R is a finite map for any e > 0. Notice that any ring homomorphism
R→ S is identified with the natural factorization:
eR −−−→ S ⊗R
eR
we
S/R
−−−→ eS.
It is also straightforward that the composite map:
S −−−→ S ⊗R
eR
we
S/R
−−−→ eS
is the Frobenius morphism on S.
Recall that a flat homomorphism of noetherian rings is regular if all fibers are geometrically
regular. In connection with this map, the following theorem, originally proved by Radu [20]
and Andre` [1] and summarized as [7, Theorem 2], is the most remarkable.
Theorem 3.2 ([7], Theorem 2). Let ϕ : R → S be a homomorphism of noetherian rings of
characteristic p > 0. Then it is regular if and only if the map wS/R is flat.
A ring homomorphism ϕ : R → S is said to be reduced (resp. normal) if ϕ is flat and the
fiber ring of ϕ at every p ∈ SpecR is geometrically reduced (resp. geometrically normal) over
k(p).
Theorem 3.3 ([7], Theorem 3). Let ϕ : R→ S be a homomorphism of noetherian rings. Then
the following are equivalent
(1) ϕ is reduced;
(2) ϕ is flat, wS/R is injective, and R[S
p] is a pure R-submodule of S;
(3) wS/R is injective and S/R[S
p] is R-flat.
In the proof of the main theorem, we shall use the following localization theorems, both of
which hold in arbitrary characteristic.
Theorem 3.4 ([19], 2.4). Let ϕ : (R,m, kR) → (S, n, kS) be a local map of noetherian rings
such that
(1) the formal fibers of R are reduced (resp. normal),
(2) S/mS is geometrically reduced (resp. geometrically normal) over kR, and
(3) ϕ is flat.
Then the map ϕ is reduced (resp. normal).
Theorem 3.5 ([2], Theorem 4.1). Let ϕ : (R,m) → (S, n) be a flat local map of noetherian
rings. Assume that the formal fibers of R and the closed fiber of ϕ have one of the following
properties:
(CI) complete intersection.
(G)
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(CM) Cohen-Macaulay.
Then all the fibers of ϕ and the formal fibers of S have the corresponding property.
Definition 3.6. Let R be a noetherian ring, and let M be a finite R-module. Then M is
maximal Cohen-Macaulay (“MCM” for short) if depthMp = dimRp for every p ∈ SuppRM .
We also need the following proposition, whose proof is obtained via Theorem 3.5. Before
giving the proof, we note the following simple fact: Let R be a noetherian local ring. Then for
non-zero finite R-modules M and N , we have
depth(M ⊕N) = min{depthM, depthN}.
Proposition 3.7. Let ϕ : (R,m)→ (S, n) be a flat local map of noetherian rings, and let N be
an R-flat finite S-module. Assume that:
(1) the formal fibers of R are Cohen-Macaulay,
(2) the closed fiber ring S/mS of ϕ is Cohen-Macaulay, and
(3) N/mN is MCM over S/mS.
Then N ⊗R κ(p) is MCM over S ⊗R κ(p) for all p ∈ SpecR. In other words, Nq/pNq is MCM
over Sq/pSq for every q ∈ SuppS N , p ∈ SpecR with p = R ∩ q.
Proof. To prove this, we will use Nagata’s trivialization to reduce the problem to the local flat
map of noetherian rings and then apply Theorem 3.5.
Let S ∗ N = {(a,m) | a ∈ S, m ∈ N} whose ring structure is given by (a,m) ∗ (b, n) :=
(ab, an + bm). As S-modules, S ∗N and S ⊕ N are isomorphic. The subset 0 ∗N of the ring
S ∗N is an ideal, which is isomorphic to N , and we get the short exact sequence of S-modules:
0 −−−→ 0 ∗N −−−→ S ∗N −−−→ S −−−→ 0,
where S is naturally identified with the subring S ∗ 0 of S ∗ N . Since S → S ∗ N is a trivial
extension as modules, the above short exact sequence splits. Furthermore, S ∗N is a module-
finite S-algebra.
For p ∈ SpecR and q ∈ SpecS with p = R ∩ q, we have a (split) short exact sequence of
Sq/pSq-modules:
0 −−−→ (0 ∗N)q/p(0 ∗N)q −−−→ (S ∗N)q/p(S ∗N)q −−−→ Sq/pSq −−−→ 0.
In particular, if q ∈ SuppN , Nq/pNq 6= 0 and by the remark quoted above, we have
depth(Nq/pNq) = depth
(
(0 ∗N)q/p(0 ∗N)q
)
= depth
(
(S ∗N)q/p(S ∗N)q
)
,
and also
dim(Sq/pSq) = dim
(
(S ∗N)q/p(S ∗N)q
)
.
Since N is R-flat by assumption, ϕN : R → S ∗ N is a flat local map of local rings. As to the
closed fiber ring (S ∗N)/m(S ∗N) = (S/mS) ∗ (N/mN), we have
depth
(
(S ∗N)/m(S ∗N)
)
= depth
(
(S/mS) ∗ (N/mN)
)
= min{depth(S/mS), depth(N/mN)}
= dim(S/mS)(†)
= dim
(
(S/mS) ∗ (N/mN)
)
= dim
(
(S ∗N)/m(S ∗N)
)
,(‡)
where (†) is true since N/mN is MCM over S/mS by assumption, and (‡) is true since S/mS →
(S/mS) ∗ (N/mN) is module-finite. Consequently, (S ∗ N)/m(S ∗ N) = (S/mS) ∗ (N/mN) is
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MCM over S/mS. Now we may apply Theorem 3.5 to ϕN : R → S ∗ N to conclude that
(S ∗N)q/p(S ∗N)q is Cohen-Macaulay, but then
depth(Nq/pNq) = depth
(
(S ∗N)q/p(S ∗N)q
)
= dim
(
(S ∗N)q/p(S ∗N)q
)
= dim(Sq/pSq),
which finishes the proof. 
The following characterization of F -purity for F -finite rings is needed to prove our main
theorem (Theorem 3.10).
Remark 3.8 ([14], Corollary 5.3). If R is an F -finite noetherian ring, then one verifies that
the following conditions are equivalent:
(1) R is F -pure.
(2) Rp is F -pure for any p ∈ SpecR.
(3) The Frobenius morphism R→ 1R is a pure extension.
(4) The Frobenius morphism R→ 1R splits.
Before proving the main theorem, we need the following lemma.
Lemma 3.9. Let (R,m) be an F -finite algebra over a field K of characteristic p > 0. If K → L
is a finite separable extension, then R is F -pure if and only if R ⊗K L is F -pure.
Proof. If R⊗K L is F -pure, it follows by ([10], Proposition 1.3 (6)) that R is also F -pure since
R is a direct summand of R⊗K L. Let K → L be a finite separable extension. Then since the
extension R→ R ⊗K L is finite e´tale, the Radu-Andre` morphism:
(R ⊗K L)⊗R
1R→ 1(R⊗K L)
is an isomorphism. (This isomorphism is proved in [12] for weakly e´tale maps.) By hypothesis
on the ring R, the Frobenius morphism:
R⊗K L→ (R⊗K L)⊗R
1R→ 1(R ⊗K L)
splits, which is the desired claim. 
Let k(p) denote the residue field of R at p ∈ SpecR.
Theorem 3.10. Let ϕ : (R,m, kR) → (S, n, kS) be a flat local map of F -finite rings. Assume
that the closed fiber of ϕ is Gorenstein and geometrically F -pure over kR. Then the fiber of ϕ
at every p ∈ SpecR is geometrically F -pure over k(p).
Proof. In what follows, we fix the notation. Choose p ∈ SpecR and q ∈ SpecS such that p =
R ∩ q. First, observe that the closed fiber of ϕ is geometrically reduced over kR by hypothesis,
so that Theorem 3.4 and Theorem 3.5(G) imply that the fiber of ϕ at every p ∈ SpecR is
Gorenstein and geometrically reduced over k(p).
Let A be a noetherian algebra over a field K of characteristic p > 0, and let K → L be a
finite field extension. Then K → L splits into a sequence K → K ′ → L, where K → K ′ is
purely inseparable, while K ′ → L is separable. By Lemma 3.9, ([10], Proposition 1.3 (6)), and
together with the sequence of pure extensions:
A→ A⊗K K
′ → (A⊗K K
′)⊗K ′ L ≃ A⊗K L,
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it suffices to show that the base change of any fiber ring of ϕ : R→ S with respect to a purely
inseparable extension is F -pure.
Let k(p)→ L be a finite purely inseparable extension. Then we can write L = k(p)(θ1, . . . , θt)
for some θ1, . . . , θt ∈ L. We claim that it suffices to show that S ⊗R k(p)⊗k(p)
ek(p) is F -pure
for some integer e > 0, and we reason as follows. We let pei = [k(p)(θi) : k(p)] and e =
max{ei | 1 ≤ i ≤ t}. The finite extension k(p)→
ek(p) can be identified with k(p)→ k(p)1/p
e
.
Hence k(p) → L can be naturally identified as a subextension of k(p) → k(p)1/p
e
. Once
S ⊗R k(p) ⊗k(p)
ek(p) is F -pure, so is S ⊗R k(p) ⊗k(p) L since S ⊗R k(p) ⊗k(p) L is a direct
summand of S ⊗R k(p)⊗k(p)
ek(p). Therefore, it suffices to show that S ⊗R k(p)⊗k(p)
ek(p) is
F -pure. To do this, we set
W eq := Sq/pSq⊗k(p)
ek(p) ≃ Sq⊗Rp
ek(p).
This is the Radu-Andre´ ring corresponding to k(p) → Sq/pSq. Then W
e
q is the localization of
S ⊗R
ek(p) at q ∈ SpecS. Since S ⊗R
ek(p) is reduced, W eq is also reduced. Note, in general,
that if A is a local algebra over a field k of characteristic p > 0, then A⊗k
ek is also local. The
above observations also imply the following. Sq → Sq⊗R
eR is a module-finite extension of local
rings for any q ∈ SpecS. Suppose that W eq is F -pure for all q ∈ SpecS. Since the Frobenius
morphism commutes with localization, this implies that S ⊗R
ek(p) is F -pure. Hence we are
reduced to showing that the local ring W eq is F -pure.
Since S/mS is geometrically F -pure over kR by hypothesis, the e-th Frobenius on W
e
n splits
as well. Consider the following maps of module-finite W en-algebras:
W en
α
−−−→ e(S/mS)
β
−−−→ e(W en),
where α is the Radu-Andre´ morphism and β is induced by the natural inclusion S/mS →W en =
S/mS ⊗kR
ekR. Then we find that
βα(s¯⊗ c) = β(s¯p
e
c) = s¯p
e
c⊗ 1 = s¯p
e
⊗ c · 1 = s¯p
e
⊗ cp
e
for s¯ ∈ S/mS and c ∈ ekR. Therefore, βα is exactly the e-th Frobenius on W
e
n .
We claim that α splits and we reason as follows. Since the e-th Frobenius on W en splits, there
is a map γ : e(W en) → W
e
n such that γβα = γF
e
W en
= idW en . Consequently, α splits. (Actually,
one can show that, if α splits, so does F eW en . Assume that there is a map α
′ : e(S/mS) → W en
such that α′α = idW en . Note that β splits since it is clearly a finitely generated free extension.
Let β ′ : e(W en) →
e(S/mS) be such that β ′β = ide(S/mS). Then it is evident that α
′β ′F eW en =
α′β ′βα = idW en . Consequently, the e-th Frobenius on W
e
n splits.)
Let N := Coker(weS/R). Then by Theorem 3.3, the sequence of W
e
S/R-modules:
(3.10.1) 0→ S ⊗R
eR
we
S/R
−−−→ eS → N → 0
is exact, and N is an R-flat finite W eS/R-module. Furthermore, the ring W
e
q is Gorenstein for
every q ∈ SpecS because Sq/pSq is. In particular, we have KW eq ≃ W
e
q , which is the canonical
module of W eq .
We claim that e(S/mS) is MCM over W en and we reason as follows. Let d := dim(S/mS).
Notice thatW en is module-finite over S/mS, so we have d = dim(W
e
n). Since S/mS is Gorenstein,
every system of parameters s¯1, . . . , s¯d of S/mS is regular. But then s¯
pe
1 , . . . , s¯
pe
d also form a
regular sequence on S/mS. Since the image of s¯k ⊗ 1 under the map W
e
n →
e(S/mS) is just s¯p
e
k
for 1 ≤ k ≤ d, it follows that s¯1 ⊗ 1, . . . , s¯d ⊗ 1 form a regular sequence on
e(S/mS), which is
the required claim.
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Let α : W en →
e(S/mS) be the same map as above. Then since
W en ≃ S ⊗R kR ⊗kR
ekR ≃ S ⊗R
ekR ≃ S ⊗R
eR⊗eR
ekR,
we find that α = weS/R⊗ idekR by applying (−)⊗eR
ekR to the map w
e
S/R : S⊗R
eR→ eS. Thus,
applying (−)⊗eR
ekR to the exact sequence (3.10.1), we have an exact sequence of W
e
n-modules:
0 −−−→ W en
α
−−−→ e(S/mS) −−−→ N/mN −−−→ 0,
which splits, as we have already observed. Then
depthW en
(
e(S/mS)
)
= min{depth(W en) = dim(W
e
n), depthW en (N/mN)}.
But since depthW en
(
e(S/mS)
)
= dim(W en) and depthW en (N/mN) ≤ dim(W
e
n), we have
depthW en (N/mN) ≤ dim(W
e
n) = depthW en
(
e(S/mS)
)
≤ depthW en (N/mN),
which implies that N/mN is MCM over W en . Proposition 3.7 applied to the flat local map
eR→ S⊗R
eR implies that Nq/pNq is also MCM over W
e
q for every q ∈ SuppS N . We also have
Ext1W eq (Nq/pNq, KW eq ) ≃ Ext
1
W eq
(Nq/pNq,W
e
q ) = 0,
due to the local duality ([5], Theorem 3.3.10). On the other hand, the sequence of W eq -modules:
0 −−−→ W eq −−−→
e(Sq/pSq) −−−→ Nq/pNq −−−→ 0
is obtained by applying (−)⊗eR
ek(p) to the sequence (3.10.1) and then localizing at q. This is a
short exact sequence. Since Ext1W eq (Nq/pNq,W
e
q) = 0, it is straightforward thatW
e
q →
e(Sq/pSq)
splits, which implies that the e-th Frobenius on W eq splits since the e-th Frobenius on W
e
q is
the same as (the proof is exactly the same as when p = m)
W eq −−−→
e(Sq/pSq) −−−→
e(W eq ).
This proves that W eq is F -pure and hence completes the proof of the theorem. 
Remark 3.11. (1) Theorem 3.10 holds for F -injective rings in place of F -pure rings, since
these notions are equivalent to each other for Gorenstein local rings ([10], Lemma 3.3).
It is easy to give an example of an F -pure ring, which is not geometrically F -pure. Let
K be a field of characteristic p > 0 and let L = K1/p. Then L is not geometrically
reduced over K as follows. Let a ∈ K be such that K ′ = K[t]/(tp − a) is a field.
However, we get L⊗K K
′ ≃ L[t]/(t− b)p with bp = a. We also mention that Enescu [9]
constructed an algebra that is F -injective, but is not geometrically F -injective.
(2) Note that the localization problem may be formulated for a ring homomorphism of (not
necessarily local) noetherian rings in the following way. If all the closed fibers for a
flat ring homomorphism have a property P, then do all the fibers of the map have
also P? The localization problem can be generalized to this set-up if, for example, a
(global) property P for a ring is defined on its local rings. In particular, Proposition 3.7
and Theorem 3.10 hold for flat ring homomorphisms of noetherian rings without any
modifications in the proof.
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4. Geometric Consequences
In this section, we establish some geometric consequences of results that we have proved in
the previous section.
Let ϕ : R→ S be a ring homomorphism. For a property P, we define Uϕ(P) to be the set of
all p ∈ SpecR such that the fiber S⊗R k(p) has P. Under certain hypotheses, it is known that
the set Uϕ(P) can possess some nature with respect to the Zariski topology for many interesting
cases of P (some related results are found in [11]).
We recall preliminary notations and results that we shall use in the following. A subset of a
noetherian scheme X is constructible if it is written as a disjoint union of finitely many locally
closed subsets of X . A subset U ⊂ X is open if and only if U is constructible and is stable
under generization. We record the following:
Lemma 4.1. Let (R,m, kR) → (S, n, kS) be a local map of noetherian rings, and let N be a
finite S-module. Then the following hold:
(1) If both S and N are R-flat, then depthS N = depthRR + depthS(N/mN).
(2) Assume that kR → kS is a finitely generated extension of fields. Then N ⊗R kR is MCM
over S ⊗R kR if and only if N ⊗R kS is MCM over S ⊗R kS.
Proof. For the first, this is a special case of ([5], Proposition 1.2.16).
For the second, it suffices to note that S ⊗R kS ≃ (S ⊗R kR) ⊗kR kS is faithfully flat over
S ⊗R kR, and S ⊗R kS is noetherian by assumption. 
Proposition 4.2 (Generic principle I). Let ϕ : R→ S be a flat map of finite type of excellent
rings. Let N be an R-flat finite S-module. Assume R admits a dualizing complex. Then the set
of all p ∈ SpecR such that N ⊗R k(p) is MCM over S⊗R k(p) forms an open subset of SpecR.
Proof. Suppose that N ⊗R k(p) is MCM over S⊗R k(p) for p ∈ SpecR. Then it suffices to find
an open subset p ∈ U ⊆ SpecR such that N ⊗R k(p
′) is MCM over S⊗R k(p
′) for every p′ ∈ U .
First, assume that R is CM. Choose any q ∈ SpecS with p = R ∩ q. By Lemma 4.1 and the
hypothesis for R, we have
depthSq Nq = depthSq(Nq/pNq) + dimRp.
Hence Nq/pNq is MCM over Sq/pSq ⇐⇒ Nq is MCM over Sq. Let S ∗ N be the trivial
extension. Then the natural map S → S ∗ N gives a one-one correspondence of prime ideals
of respective rings; that is, the image of q ∈ SpecS under the map S → S ∗ N is contained
in a unique prime ideal q ∗N . To ease the notation, we will write q for q ∗N . It follows that
(S ∗N)q = Sq ∗Nq,
depthSq Nq = depthSq (Sq ∗Nq) = depthSq∗Nq (Sq ∗Nq),
and thus Nq/pNq is MCM over Sq/pSq ⇐⇒ Sq ∗Nq is CM.
Let U be the maximal CM locus of Spec(S ∗ N). U is a non-empty open subset since S
is excellent. Let W be the complement of U in Spec(S ∗ N) and let ϕN : R → S → S ∗ N
be the composite map. Note that the map ϕN is flat and of finite type. Denote by ϕ
∗
N
the associated scheme map. But then the flatness of ϕN implies that the complement W
′
of ϕ∗N(W ) has the property that W
′ is the maximal subset of SpecR such that the fiber of
ϕ∗N : Spec(S ∗ N) → SpecR at every point of W
′ is CM. Since p ∈ W ′, it is non-empty. By
Chevalley’s theorem, W ′ is constructible. On the other hand, Proposition 3.7 implies that W ′
is stable under generization. Hence W ′ is an open set and p ∈ W ′. Until now, we did not use
the assumption that R has a dualizing complex.
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Next, assume that R is an arbitrary excellent ring. We may reduce to the CM case as follows.
Let f : X → SpecR be a Macaulayfication ([16], Theorem 1.1). Note that f is a dominant and
proper map, hence it is surjective. Then we have a base change diagram:
X ×R S −−−→ Xy
yf
SpecS
ϕ∗
−−−→ SpecR
(By abuse of notations, X ×R S denotes the fiber product of schemes). Note that since X is of
finite type over R, we find that X ×R S → X is an affine flat map of finite type of excellent
schemes. Since the issue is local on X , we may assume that X = SpecR′, and thus X ×R S is
also affine. Let f(x) = p and letM denote the pull-back of N under the map X×RS → SpecS.
Then M = R′ ⊗R N , which is an R
′-flat finite R′ ⊗R S-module.
Then Lemma 4.1 implies thatN⊗Rk(p) is MCM over S⊗Rk(p) ⇐⇒ M⊗R′k(x) ≃ N⊗Rk(x)
is MCM over (R′ ⊗R S) ⊗R′ k(x) ≃ S ⊗R k(x). Hence we may argue as previously to find a
maximal open subset U ⊆ X such that M ⊗R′ k(x) is MCM over (R
′ ⊗R S)⊗R′ k(x) for every
x ∈ U . Then Chevalley’s theorem together with Proposition 3.7 imply that f(U) is open, which
is the desired open set. This completes the proof. 
Remark 4.3. By his celebrated theorem of Macaulayfication, Kawasaki was able to establish
a conjecture of Sharp ([17], Corollary 1.4) that states that a noetherian ring R of positive
dimension admits a dualizing complex if and only if R is a homomorphic image of a finite-
dimensional Gorenstein ring. So the above proposition applies to any affine domains over a
perfect field, or their localizations.
Finally, we are able to prove the following theorem via Proposition 4.2.
Theorem 4.4 (Generic principle II). Let ϕ : R → S be a flat map of finite type of F -finite
rings. Assume that:
(1) all the fibers of ϕ are Gorenstein,
(2) R admits a dualizing complex, and
(3) P=geometrically F -pure.
Then Uϕ(P) forms a Zariski open subset of SpecR.
Proof. We fix p ∈ SpecR. A key ingredient for the proof already appeared in Theorem 3.10.
Let us employ the notations as in Theorem 3.10 and let N = Coker(weS/R). Then for q ∈ SpecS
with p = R ∩ q, we find that Nq/pNq is MCM over W
e
q ⇐⇒ The Radu-Andre` ring W
e
q is
F -pure. Assume that this holds for all q with p = R∩q. Then we have that N⊗R k(p) is MCM
over S ⊗R k(p), or equivalently, the fiber of ϕ over p is F -pure. The theorem then follows from
Proposition 4.2. 
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